Appendices

I. Verification of Equation (7)

MY ~
T”V =T, = Tfl’w

First we create a d4-vector, take its Hodge Dual then take the Hodge Dual of the result.

Ilvector = {I11, I12, I13, T14};

Print["ITvector = ", IIvector // MatrixForm]
[Ttensor = —HodgeDual[ITvector];
Print["[Ttensor = —Hodge Dual(ITvector) = ", % // MatrixForm]
HodgeDual[%%];
Print["Hodge Dual(ITtensor) = ", % // MatrixForm]
11
2
IIvector = 3
4
0 0 0 0
0 0 -I14 I13
0 4 0 —I12
0 -I13 2 0
0 0 114 -I13
0 0 0 0
-114 0 0 11
113 0 —I11 0
[tensor = —Hodge Dual(Ilvector) = 0 4 0 m
4 0 0 -1
0 0 0 0
112 1 0 0
0 I3 -I12 0
-I13 0 1 0
112 —I11 0 0
0 0 0 0
1
2
Hodge Dual(Itensor) = 3
114

II. Creating I, as Sum of Totally Antisymmetric Tensor and Purely Diagonal Tensor

Create the diagonal array 7%, then set off — diagonals to zero, and diagnals to match equation (17).
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SymmetrizedArray[pos_ > Apos, {4, 4, 4}, Symmetric[{1, 2, 3}]] -
SymmetrizedArray[pos_ > Apos, {4, 4, 4}, Antisymmetric[{1, 2, 3}]];

% /- Ni2a = 0;

%[ Nz =05

% [ - Niza = 0;

% . Nasay = 0;

% /. Ny = AL

% [. Ay agy = Al

% . ANa3zy = Al

% [. N1 aa — AL

% /- Apiy = A
% /. Ao > A2;
% /. Apsa > A2:
% /. Apaa > A2;

%[ Apy1 - A3;
% /. Ao > A3
% /. Apasy — A3;
%[ Apaz = A3

% |. Ny 1)~ A4;
% |. Naaay — A4;
% |. Nazz) - A4;
% [ Agagy — A4

% / A“’l!z) - A2,
% [. N3y~ A3
%[ N ia = AL

% / A(2’2,3) - A3,
% [. Npoay = A4;

% / /\‘3’3,4) - /\4,

Aform = %;

Print["7%,, =", Aform // MatrixForm]
TensorSymmetry[%%];

Print["7%,, symmetry is ", %]

Al A2 A3 A4
A2 Al 0 0
A3 0 Al 0
A4 0 0 Al
A2 Al 0 0
Al A2 A3 A4
0 A3 A2 0
0 A4 0 A2
7P,
w A3 0 Al 0
0 A3 A2 0
Al A2 A3 A4
0 0 A4 A3
A4 0 0 Al
0 A4 0 A2
0 0 A4 A3
Al A2 A3 A4

nh,, symmetry is Symmetric[{1, 2, 3}]



Avector = TensorContract[Aform, {1, 2}];

Print(" A = ", %/4 // MatrixForm]|
Al
_ | A2
A= A3
A4

Create I7, =11, + Ty

T'tensor = Itensor + Aform;

Print["T, =", I'tensor // MatrixForm]
Al A2 A3
A2 Al -I14
A3 114 Al
A4 —I13 112
A2 Al 14
Al A2 A3
—I14 A3 A2

o = 113 A4 —I11

W= A3 -I14 Al
114 A3 A2
Al A2 A3
-I12 I11 A4
A4 113 -I12
—I13 A4 11
112 —I11 A4
Al A2 A3

A4

II. Verifying Symmetry of '), I},
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Create tensor product of '}, and FK# then collapsing the y-y indices and the A-A indices. Symmetry is then tested and verified.

term3 = Apart[TensorContract[TensorProduct [I"tensor, ['tensor], {{1, 5}, {3, 4}}11;
Print["l"%l"{” is is ", TensorSymmetry[term3]]

F’}yl"}y is is Symmetric[{1, 2}]

IV. Proof that Ty, T¥, — I}, T{, = 0

Apart[Transpose[term3] — term3];

Print|"T$,I7,~THI%, =", %]
000O0
0000
F/}ery\u_rﬁ“/rj{v = 0000
0000

V. Proof that Fﬁy I, + T, I}, = 21, T},

FullSimplify[Expand[term3 + Transpose[term3]]];
Print|"[}, T, +T4,I%, is ", TensorSymmetry[%]|

Expand[2 term3 — % %];
Print]"(T$, I}, +T4,IT7,)-2T$, I, =

" %]



4 | Bridge to Einstein-Appendix-1.nb

I3, +T4 T, is Symmetric[{1, 2]

0000
0000
CHILATHT205T = {0 0 0 o
0000

VI. Bianchi Identity when Torsion is Totally Antisymmetric
The Bianchi Identity can be written [[9] equation 3.78]
D, T, + Dy T, + Do T%,, = R%,, + RS, + R%,,
If we multiply this equation by d¢ and apply total antisymmetry of the torsion, we have
Do Ty = Ry + Ry + Ry,
But we know that
Ry = Ry =Ry = Riyy + Riye = (O0Thy = 0Ny + Ay Tl = Th TY,) + (v Ay — 03Ty + T3, T, — Ay TY,) .
This simplifies with regrouping to
Ruy = (00 Thy = O\ Th +Ay Ty Ay Th) + 0y Ay — 8 Ay) + (T3, T, - T, T,) .
Since
Oy Ay =0y =0
and
T I3, - Ty T}, =0
we have the Bianchi Identity.
Ry =R = (01 +A0) Ty

where identification of this curvature is with the antisymmetric part of a reduced curvature.



